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Abstract—The covariance statistics of measurements by a fully
polarimetric microwave radiometer are derived using a fundamental noise-theoretic approach. Previous published derivations
of a similar nature have only included the third Stokes brightness
temperature. The results are confirmed by a series of numerical
Monte Carlo simulations of the underlying radiometric measurement process. It is found that the additive noise that is present in
the measurements can be correlated between polarimetric channels and that the correlation statistics will vary as a function of
the polarization state of the scene under observation. General
expressions are also derived for the measurement precision (the
radiometric NEΔT) and the system noise temperature of the third
and fourth Stokes channels. It is found that both the precision and
noise temperature can also depend on the polarization state of the
scene.
Index Terms—Microwave radiometry, noise measurements,
polarimetry.

In order to determine the measurement precision of the third
and fourth Stokes parameters, the covariance statistics of the
radiometer measurements are needed. In our previous work [8],
we examined the covariance behavior of the noise associated
with measurement of the third Stokes channel. That work is expanded here to include the fourth Stokes channel. We consider
the correlation between the noise in the fourth Stokes channel
and that of each of the other channels. We also develop a
general expression for the NEΔT precision of the fourth Stokes
measurement. Finally, a numerical Monte Carlo simulation is
performed, which directly estimates the covariance between
the measurement noise in the different polarimetric channels.
Those estimates confirm the general expressions that have been
developed.
II. S TATISTICS OF R ADIOMETER M EASUREMENTS

I. I NTRODUCTION

A

FULLY polarimetric microwave radiometer measures the
complex correlation between vertically and horizontally
polarized microwave radiation from the scene under observation [10]. The radiation can be described by the modified
Stokes parameters in brightness temperature (TB) under the
Rayleigh–Jeans approximation [1]. Two approaches to measure the Stokes parameters, namely, coherent and incoherent
detection [2], are commonly adopted by fully polarimetric
radiometers.
A coherent-detection radiometer measures the complex covariance of the v- and h-pol components of the signal directly
using a complex multiplier [3]. The resulting polarimetric
components of TB are designated T3 and T4 for the real and
imaginary components of correlation, respectively. In comparison to a coherent-detection radiometer, an incoherent-detection
radiometer most often measures the ±45◦ slant linear and leftand right-hand circular polarization components of the TB
(resulting in TP , TM , TL , and TR , respectively) in addition
to the vertical and horizontal components, i.e., Tv , and Th ,
respectively. Incoherent-detection radiometers often use hybrid
couplers to form the necessary polarization channels [4]–[6].
T3 and T4 are derived as the difference between TP and TM ,
and the difference between TL and TR , respectively.

A. Noise Covariance of an Incoherent-Detection
Hybrid Combining Polarimetric Radiometer
The signal flow through a hybrid combining fully polarimetric microwave radiometer is shown in Fig. 1. In the figure, Gp
represents the channel gain in channel p, and B is the bandwidth
(assumed the same in the v- and h-pol channels). The amplified
and filtered signal vp (t) can be written as the sum of an external
thermal noise signal that is incident on the radiometer and
internal receiver noise, or

vv (t) = Gv [bv (t) + nv (t)]

(1)
vh (t) = Gh [bh (t) + nh (t)]
where bp (t) is the time-varying noise voltage at polarization p
associated with the TB (see [9] for a detailed definition). The
noise voltage is linearly proportional to the incident electric
field associated with that TB and has units of K−1/2 . bp (t)
is the noise voltage in receiver channel p. Both b(t) and n(t)
are modeled as additive zero-mean band-limited Gaussiandistributed random variables. The auto- and cross-correlation
relationships between the voltages associated with the TB are
given by [9]
bv (t)bv (t − τ ) = Tv cos(2πfc τ )sinc(Bτ )
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(2a)

bh (t)bh (t − τ ) = Th cos(2πfc τ )sinc(Bτ )
(2b)


T3
T4
cos(2πfc τ ) −
sin(2πfc τ )
bv (t)bh (t − τ ) =
2
2
× sinc(Bτ )
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Fig. 1. Signal-flow diagram for a hybrid combining polarimetric microwave radiometer. Subscripts v, h, P , M , L, and R designate the vertical, horizontal,
±45◦ slant linear, and left- and right-hand circular polarization channels, respectively.

where fc is the center frequency of the signal and sinc(u) =
sin(πu)/(πu). The variance and covariance of the signals
are found by evaluating the autocorrelations in (2) at τ = 0.
The variance of n(t) is similarly related to the receiver noise
temperature by



n2v (t) = TRv

 2 
nh (t) = TRh
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(3)

where TRv and TRh are the noise temperatures of the v- and
h-pol receivers. nv (t) and nh (t) are uncorrelated.
A hybrid combining polarimetric radiometer forms ±45◦
slant linear and left- and right-hand circular polarized channels from vv (t) and vh (t) by summing and differencing
them in hybrid couplers, as shown in Fig. 1. The signals
from these channels, as well as the original signals, are then
passed through square-law detectors with sensitivity cx (x =
v, P, M, h, L, and R). The time integration of the six signals
is modeled as an ideal “top-hat” low-pass filter (LPF) with
bandwidth τ −1 , where τ is the integration time. The six output
polarization signals are xv (t), xP (t), xM (t), xh (t), xL (t),
and xR (t). The expected value of these signals (i.e., the dc
component of their spectra) is proportional to the six associated
TBs. The variance of the signals (i.e., the integral over the ac
component of their spectra) represents the additive noise that is
present in the measurements [7].
The correlation coefficients between the signal pairs of polarization channels v, P , M , and h are described in [8]. The
correlation coefficients between signal pairs that include the L
and R channels are derived here in a similar manner as




(4a)

where g = Gh /Gv is the ratio of h-pol-to-v-pol channel gain.
Tsys,v = Tv + TRv and Tsys,h = Th + TRh are the system
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noise temperatures of the v- and h-pol channels, respectively.
Note that the correlation coefficients are independent of bandwidth (B) and integration time (τ ).
The NEΔT of each channel is given by
Tv + TRv
Tsys,v
= √
ΔTv = √
Bτ
Bτ

(5a)
√
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(5e)

C. Application—The Third and Fourth Stokes TBs With a
Hybrid Combining Radiometer

(5f)

The third and fourth Stokes TBs can be computed from
the measurements made by a hybrid combining polarimetric radiometer. A general expression for the computation is
given by

B. Noise Covariance of a Coherent-Detection Correlating
Polarimetric Radiometer

ρ3,4 =

T32 + T42
4Tsys,v Tsys,h

(6c)

2T3 T4
2
2
16Tsys,v
Tsys,h
− (T32 − T42 )

2

.

2n + 1 −2n

T3 = [ 2n + 1

The signal flow through a coherent-detection correlating
polarimetric radiometer is shown in Fig. 2. Signals vv (t), vh (t),
nv (t), nh (t), bv (t), and bh (t) and their correlation statistics
are identical to those in Section II-A. The procedure followed
to derive the covariance relationships between the four output
signals is similar to that for the hybrid combining radiometer.
The correlation coefficient between outputs xv (t), x3 (t), x4 (t),
and xh (t) can be expressed as follows:
√
2T3
ρv,3 = ρ3,h = 
(6a)
4Tsys,v Tsys,h + (T32 − T42 )
√
2T4
(6b)
ρv,4 = ρ4,h = 
4Tsys,v Tsys,h − (T32 − T42 )
ρv,h =

Fig. 2. Signal-flow diagram for a correlating polarimetric microwave
radiometer.

(6d)
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where n can be any real number. The special case n = −0.5
produces the most commonly used relationships, i.e., T3 =
TP − TM and T4 = TL − TR . The three alternative methods
considered in [3] to obtain the third and fourth Stokes TBs are
special cases of (8) with n = −0.5, 0, and − 1.
Equation (8) describes the linear mapping from six
incoherent-detection measurements to four polarimetric TBs.
By combining this mapping with the full covariance matrix for
the six measurements, a general expression for the covariance
of the four polarimetric TBs is determined. In particular, if the
sensitivities of all the detectors are the same, the covariance
is found to be independent of the value of n. In this case,
the standard deviations of the additive noise in T3 and T4 are
given by
ΔT3 =

4Tsys,v Tsys,h + (T32 − T42 )
2Bτ

(9a)

ΔT4 =

4Tsys,v Tsys,h − (T32 − T42 )
.
2Bτ

(9b)

The NEΔT of each channel is given by
Tva + TR1
ΔTv = √
Bτ

TP

−2(n + 1)

(7b)

III. S IMULATION V ERIFICATION OF
C OVARIANCE R ELATIONSHIP

(7c)

A computer simulator has been developed to produce realizations of the coherent-detection output signals, namely, xv (t),
x3 (t), x4 (t), and xh (t) in Fig. 2, from numerically generated
realizations of the input signals, namely, vv (t) and vh (t). The

(7d)
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deviation of the 1000 trials. The correlation values that are predicted by theory are also plotted for comparison. The predicted
and simulated correlations agree closely, with correlation rising
monotonically as a function of T3 or T4 . Note, for example, that
the measurement noise in Tv and Th and that in T3 and T4 are
largely uncorrelated when the values of T3 and T4 are low (i.e.,
when Tv and Th are essentially unpolarized). The correlation
between any of the pairs: Tv and T3 , Tv and T4 , Th and T3 , and
Th and T4 , on the other hand, begins to rise immediately as T3
and T4 begin to increase.
IV. C ONCLUSION

Fig. 3. Correlation between the additive noise in Tv and Th , Tv and T3 , Tv
and T4 , Th and T3 , Th and T4 , and T3 and T4 as a function of T3 or T4
(T3 = T4 in each case). The red dotted lines plot the analytical expressions,
which are derived in Sections II-B and C. The blue solid lines are the empirical
results of a Monte Carlo simulation using 1000 independent trials. The error
bars represent the standard deviation of these trials.

input signals are generated with the appropriate band-limited
Gaussian-distributed noise statistics. The signal flow is modeled, as shown in Fig. 2. Given an assumed partial correlation
state for the input signals, this simulator will produce one realization of the radiometer measurement. Repeated independent
trials of the simulator are performed to produce a population
of measurements from which their covariance relationships can
be derived empirically. This Monte Carlo simulation provides
an independent means of verifying the correlation relationships
given by (6), which were derived analytically.
In the simulations, the uncorrelated receiver noise temperatures are assumed to be 182 and 160 K for the v- and h-pol
channels, respectively. The bandwidth of the bandpass filters
is 500 MHz, and the 90◦ phase shifter is implemented by an
ideal Hilbert transformer. The input first and second Stokes
parameters are set at 390 and 400 K, respectively, and the
third and fourth Stokes parameters are varied by adjusting the
correlation coefficient magnitude in ten uniformly spaced steps
from zero to one. The correlation coefficient phase is set to 45◦ ,
so that the third and fourth Stokes parameters are equal.
For each value of the correlation coefficient, 1000 simulated
measurements of Tv , Th , T3 , and T4 were generated. Empirical
covariance statistics were estimated from this population. The
results are shown in Fig. 3, which shows the average correlation
between the noise in Tv , Th , T3 , and T4 as a function of T3
(or T4 ). The error bars in the plots represent the standard

The covariance statistics of the additive noise component
of fully polarimetric radiometer measurements with coherent
and incoherent detection have been derived analytically, and
the resulting relationships have been verified by numerical
simulation. It is found that the noise can be correlated among
polarimetric channels and that the correlation statistics will
vary as a function of the polarization state of the scene under
observation.
The precision obtained from the two detection approaches
has been compared. It is found that the two approaches have
similar performance, provided that all of the square-law detectors are the same in the radiometer with incoherent detection.
This is true for the entire family of possible algorithms by
which T3 and T4 can be derived from the incoherent-detection
measurements.
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